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It is customary to prove Schauder fixed point theorem for FrCchet spaces 
by approximating the given compact mapping f with a sequence ( fJn of 
finite-dimensional (= the range is contained is a finite dimensional subspace) 
compact maps and by proving that, if x, is a fixed point of fn (whose existence 
follows from Brouwer fixed point theorem), then the sequence (x,), has a 
convergent subsequence whose limit is a fixed point off. The aim of this 
paper is to show that this procedure leads to all fixed points off when ( f,Jn 
varies in the set of all sequences of finite-dimensional compact maps con- 
verging uniformly to f. Hence we have a way “to calculate” the whole set of 
fixed points off. Finally, a remark is made on a similar result for nonexpansive 
mappings is separable Hilbert spaces, the fn’s standing now for contractions. 
The content of this paper generalizes some result of author’s thesis, 
written under the guidance of Prof. G. Stampacchia. 
The proof of the following lemma is omitted since it is more or less well 
known and elementary. 
LEMMA. Let X be a uniform space, A C X, f : A -+ X continuous and 
( fJn a sequence of arbitrary maps A --+ X converging uniformly on A to f. If 
x, is a fixed point of fn , then every cluster point of (x,), is a jxed point off. 
The proof of the following theorem may be simplified in case the sequence 
(p,& of pseudonorms defined in the proof is constant, i.e. in case of Banach 
spaces. The conclusion “lim inf F, # o ” may suggest some topological 
property of F. For, if each F, is connected, then F is connected by [2, Theo- 
rem 2-1011 since all F,, are contained in a compact set, the closed convex 
hull off(K). 
THEOREM. Let K be a closed convex subset of a Frkhet space X. For any 
compact mapping f : K + K there is a sequence ( fn)n of finite-dimensional com- 
pact maps K + K converging uniformly to f such that 
F = lim sup F, and lim inf F, # o 
where F (resp.: F,,) is the set of fixed points off (resp.: fn). 
1 Present affiliation: Scuola Normale Superiore, 56100 Pisa, Italy. 
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Proof. Since F is a closed subset of the compact set f(K), F is compact, 
hence separable. Let {x,, ( tt EZ+) be a countable dense subset of F. For the 
moment, assume x1 $ X, for all rz > 2. Let (p& be a sequence of pseudo- 
norms defining the topology of X such that pa+I > pe for all K. From X, # x,, 
it follows that we may define a sequence (~&a of positive real numbers 
tending to 0, and a sequence (k&a in Z+ such that, for all n > 2, the pkn- 
balls of radius C, and centers x1 , X, are disjoint, and A,,, > K, . Let K, be 
the closed convex hull of f(K). By Mazur theorem, K,, is compact. 
Fix m 3 2, and n > m. Since K, is compact, there is a finite covering 
(B,n*rn,..., BI;z} of K,, made of pknballs of radius 4212 and centers in K, . 
Since 
pkn-diam (B;‘“) < ‘z < E, and PJ+(XI - Xm) 3 pkm (XI - %n) > E,rn 9 
x1 and X, cannot belong to the same ball BTqm. Therefore we may define 
XT*“” (i = l,..., A,,,) in the following manner: 
(i) XT*“’ is the center of BF” if x1 and x, $ BFsm; 
(ii) x:lrn = x1 (resp.: x,,J if x1 (resp.: x,,) E By*“. 
Let (gy*“)i be a partition of unity on K, subordinated to (K,, n BT,m)i . Put 
Obviously 
Define 
f,n(x) = T g:*“(x) x;., (x E K,). 
cm 
pk,jf>(x) - bx) < - n (x E K,). (1) 
Since K,, is convex, fnn maps K -+ K,, , so that fmn is a finite-dimensional 
compact mapping K -+ K. From (1) it follows 
Pk,(fdw - f(x)) ,< % (x E K). (2) 
Let us prove that x1 is a tixed point off,“: 
- 
f7nYxJ =fmn(4 (sincef(x,) = x1) 
= .I;? md*m(4 em 
= .,~‘mP2m~xd x1 (by (ii>) 
L’ 
=x 1’ 
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In the same manner one can state that x, is a fixed point of fnln. We do not 
longer assume m, n to be fixed, so that fmn is defined (and has the above 
properties) for all n > m > 2. Let u be a bijection 
Z+ - u {(n, m) I n 3 4, 44 = (u&)9 %(4h 
nrx? 
and finally 
fn =f$ (n 2 2). 
Let us show that lim, fn = f uniformly on K, For x E K and n 3 2 we have 
Pk”(fc4 - fnk)) = Pa,(f (4 - f ~$3(x)) 
%,(n) 
6--- 
u&9 
(by (2)). 
(3) 
Let (f,& be any subsequence of ( fn)n . Since u(& 1 k EZ+}) is infinite, 
hh.) I JZ EZ+) or bdnk) I f3 EZ+) must be infinite. Then there is a subse- 
quence Mnki))i of bdn& or a subsequence (~s(n~~))~ of (u2(nk))k converging 
to + co, so that 
E 
lim 
oy(nt.) 
---L- = 0. 
i U&k*) 
Therefore from (3) and the fact that any subsequence of (p& also define the 
topology of X, it follows the existence of a subsequence ( fnkJk converging 
uniformly to f. Then ( fn),, must converge uniformly to f (by a well known 
theorem on limits). Now, let F, be the set of fixed points of fn. By the above 
lemma, lim sup F,, CF. To prove the converse implication, choose m G Z+. 
If m = 1, then x, = .rr E F,, for all n, so that 
x1 E lim inf F, C lim sup F, . 
Assume m > 1. Since {(n, m) ] n > m} is infinite and u a bijection, 
Vb-l((n.m)))mpnLis a subsequence of (f,& and (Fo-~((,,,))),g,a subsequence of 
VA. Sincef,-w,,,)) =fmn, x, is a fixed point of fo-l((n,nl)). Then we take 
x,-r((,,,)) EF,-~((,,,)) equal to N, for every n > m. Since 
lim +((, m)) = xm, then n 
X,E lim sup Fn. 
From (zn ) m EZ+) C lim sup F, and the closedness of lim sup F, it follows 
lim sup F,, 2 {x, 1 m EZ+) = F, 
as desired. 
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It remains the case in which one cannot index the countable dense subset 
of F so that x,, f x, for n > 1. Then this set must have a unique point x1 , 
and F = (x3. We may repeat the above argument to define a single sequence 
( fln)n of finite-dimensional compact maps K--f K, by using (i) and 
(iii) XT” = x1 if x1 6 BF>l. 
Then x1 = f;“(xr), so that F = {x1} C lim inf F, C lim sup F, C F, the last 
implication being a consequence of the above lemma. Q.E.D. 
Remark. By a considerably simplified version of the above argument, one 
can state the following result: 
Let K be a closed convex bounded subset of a Hilbert space. If f : K + K is 
nonexpansive and the set F of jxedpoints off is separable, then there is a sequence 
( fn),, of contractions K--f K such that 
F = lim sup F, 
where F, is the set made of the unique jixed point of fn . 
For, we define fmn = (1 - l/n) f + x,/n, {x,, ] m EZ+} being a countable 
dense subset of F. By [l], frnn has a fixed point x,” such that lim, x,,,~ exists 
and is the fixed point off nearest to x, . Therefore 
lim xmn = x, . n 
Let CT : Z+ + Z+ x Z+ be a bijection, with u(n) = (al(n), up(n)). Put 
fn = f brown).&)). 
From now on, one repeats the argument in the proof of the above theorem. 
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